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1. Introduction 

In this paper we study the problem of constructing extremal Kahler metrics on blow ups at 
finitely many points of Kahler manifolds which already carry an extremal metric. 

In [8], [9] Calabi has proposed, as best representatives of a given Kahler class [oj] of a complex 
compact manifold (M, J) , a special type of metrics baptized extremal. These metrics are criti- 
cal points of the L 2 -square norm of the scalar curvature s. The corresponding Euler-Lagrange 
equation reduces to the fact that 

S s := J Vs + i Vs 

is a holomorphic vector field on M . In particular, the set of extremal metrics contains the set 
of constant scalar curvature Kahler ones. Calabi's intuition of looking at extremal metrics as 
canonical representatives of a given Kahler class has found a number of important confirmations 
and also (unfortunately) nontrivial constraints. Calabi himself proved that an extremal Kahler 
metric must have the maximal possible symmetry allowed by the complex manifold M , and, 
as observed by LeBrun and Simanca [17] . this symmetry group can be fixed in advance. More 
precisely, the identity component of the isometry group of any extremal metric g must be a 
maximal compact subgroup of Auto(Af, J), the identity component of the group Aut(A/, J) of 
biholomorphic maps of M to itself. This group thus contains the complexification of the isometry 
group, but may be strictly larger (the blow-up of P 2 at a point is the simplest example of such a 
situation). Moreover Lebrun and Simanca [TS] have proved that the set of Kahler classes having 
an extremal representative is an open subset of i/ 1,1 (M, C) n H 2 (M, R) and Chen and Tian [10] 
have proved the uniqueness of such metrics in a given Kahler class up to automorphisms. Also, the 
important relationship between the existence of extremal metrics and various stability notions 
of the corresponding polarized manifolds (algebraic if the class is rational, analytic otherwise) 
has been deeply investigated for example by Tian [3T], Mabuchi JT] and Szekelyhidi [59]. Yet, a 
complete understanding of the existence theory for extremal metrics is still missing. Given this 
last fact, the first two authors have started in [1] and [2] to develop a perturbation theory for 
constant scalar curvature Kahler metrics, giving sufficient conditions for the existence of constant 
scalar curvature Kahler metrics on the blow up at finitely many points of a manifold which already 
carries a constant scalar curvature Kahler metric. The aim of the present paper is to extend these 
results to the framework of extremal metrics. 
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2. Statement of the result 



Let (M, J, uS) be a Kahler manifold with complex structure J and Kahler form u> and let g 
denote the metric associated to the Kahler form u>, so that 



Further assume that g is an extremal metric. Since the automorphism group of any blow up of 
M can be identified with a subgroup of Aut(M, J), and in light of the above mentioned result of 
Calabi-LeBrun-Simanca about the isometry group of any extremal metric, our strategy is to fix 
a priori a compact subgroup K of Isom(M, g) and work if-equivariantly. Such a K will then be 
contained in the isometry group of the extremal metric we are seeking on the blow up of M at 
any set of points p\, . . . ,p n G M in the Fix (if ), the fixed locus of the identity component K 
of K. We will denote by t the Lie algebra associated to identity component of K. Observe that 
elements of 6 vanish at the points p\ , . . . , p n to be blown up and hence these vector fields can be 
lifted to the blown up manifold. 

In order to produce extremal metrics on the blown up manifold, we have to identify, among 
all C°° functions on the blown up manifold, those who generate real-holomorphic vector fields, 
since these can arise as scalar curvatures of extremal metrics. To this aim, we define f) to be the 
vector space of if-invariant hamiltonian real-holomorphic vector fields on M or equivalently, the 
Lie algebra of the group H of exact simplectomorphisms commuting with K . The correspondence 
between real-holomorphic vector fields and the scalar functions on M can be encoded in a compact 
way in a moment map £ w 



for the action of H uniquely determined by imposing to have mean zero. More explicitly the 
function / := (^,X) associated to the vector field X e f) is defined to be the unique solution of 



whose mean value over M is 0. 

Using this setup, our main result reads : 

Theorem 2.1. Let (M, J, ui) be a compact m- dimensional Kahler manifold whose associated 
Kahler metric g is extremal, and let K be a compact subgroup of Isom(M, g) whose Lie algebra 
contains the vector field JVs as well as any element of\). Let K denote the identity component 



Given pi, . . . ,p n G Fix(Ko) and a\, . . . ,a n > such that aj r — aj 2 if Pj 1 and pj 2 are in the 
same K-orbit, there exists e > and, for all e G (0,£q); there exists a K-invariant extremal 



where n: M — > M is the standard projection map, the PD[Ej] are the Poincare duals of the 
(2m — 2)-homology classes of the exceptional divisors of the blow up atpj. 



u(X,Y)=g(JX,Y). 



-df = w(X, -) 



ofK. 
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Finally, the sequence of metrics (g e )e converges to g (in smooth topology) on compacts, away 
from the exceptional divisors. 

It is important to stress that our analytical construction does not give one extremal metric 
but a family converging to the starting metric on the base manifold. For such a construction to 
work, it is necessary to have pi, . . . , p n £ Fix (Kq) and J Vs e {. On the other hand the condition 
t) C {, while often satisfied in important examples such as toric manifolds with K giving the torus 
action, is certainly far from being necessary. We give a simple geometric sufficient condition for 
it to hold in Proposition 17.41 

In the general case when f) is not included in t, there is a natural decomposition 

where f)' := f) PI t is the subspace of ^-invariant real-holomorphic vector fields in t. The previous 
result then appears as a special case of the more general : 

Theorem 2.2. Assume that (M,J,u>) is a compact Kahler manifold whose associated Kahler 
metric g is extremal, and let K be a compact subgroup of Isom(M, g) whose Lie algebra contains 
the vector field J Vs. Let Kq denote the identity component of K . We decompose the space of 
K -invariant hamiltonian real-holomorphic vector fields f) = fj' © f)" where ()' = (I) fl f). Given 
Pi, . . . ,p n € Fix(Ko) such that : 

(i) there exists a%,...,a n > satisfying 

J2 a jUPj) el)'*, 

3 

and ai, . . . , a n > such that aj 1 = a j2 if Pj t and pj 2 are in the same K -orbit, 

(ii) the projections of ^{pi), ■ ■ ■ , £w(fn) over f)" * span f)" *, 



(hi) there is no nontrivial elements of \)" that vanishes at p\, . . . ,p n , 
there exists Eo > and, for all e £ (0, £o)j there exists a K-invariant extremal Kahler metric g e 
on M, the blow up of M at pi, . . . ,p n , whose associated Kahler form u e lies in the class 

TT* [to] - e 2 (af^ 1 PD^} + ... + a~ x PD [E n ]j 

where it: M — » M is the standard projection map, the PD[Ej] are the Poincare duals of the 
(2m — 2)-homology classes of the exceptional divisors of the blow up at pj. 

Finally, the sequence of metrics (g £ )e converges to g (in smooth topology) on compacts, away 
from the exceptional divisors. 

When fj C t, f)' = f) and f)" = {0}, hence (i), (ii) and (hi) become vacuous and Theorem 12.21 
reduces to Theorem l2.ll In §4 we explain how conditions (i)-(iii) arise in our analytical approach. 

Remark 2.1. Condition (iii) can be removed if we leave some freedom on the weights of the 
exceptional divisor on the blown up manifold. More precisely, Theorem 12.21 still holds without 
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assuming (iii) but in this case, the only information we have about [ui e ] reads 

lu, e ir* [lu] - e 2 [af^ 1 PD[E{\ + ... + atT 1 PD [E n ]\ 

where a\,...,a n > depend on e and satisfy 

fo-o,-! <C£2^+T. 

In other words, by removing (iii) we slightly loose the control on the Kahler classes. 

Theorem l2.2l is a generalization of the constructions given in pQ and [2]. Indeed, in [T] is treated 
the case where g is a constant scalar curvature Kahler metric K — {Id} and where fj = {0}, while 
in [2] is treated the case where g is a constant scalar curvature Kahler metric, K is a discrete 
subgroup of Isom(M, g), = {0}, and f)" is not necessarily trivial. 

The choice of the symmetry groups if is a really delicate problem. Indeed, given the fact that 
the blown up points have to be chosen in Fix (Ko) it is rather natural to choose Kq to be fairly 
small, so that its fixed-point set is large. However, the smaller Ko the larger \) and hence the 
harder it is to fulfill the requirement that Ijcfin Theorem l2.1l or the requirement that conditions 
(i) and (ii) in Theorem 12.21 arc fulfilled. Conditions (i) and (ii) are of course difficult to check 
given the fact that the moment map £ w is in general hard to analyze. Nevertheless, there are 
large classes of manifolds, notably all toric ones, for which computations can be done. Concrete 
examples listed in section §11 will illustrate how delicate this issue is. 

Once the necessary notations and definitions are introduced, in §4 we will show how conditions 
(i)-(iii) naturally arise in our construction of the converging family of extremal metrics g e . 

Remark 2.2. Condition (i) and (ii) should be related to Mabuchi's T-stability [21] and to Szeke- 
lyhidi's relative if -stability [29J in the same way the analogue conditions for constant scalar 
curvature metrics are related to the asymptotic Chow semi-stability along the line of ideas de- 
scribed by Thomas in [30] (pages 27 and 28). Indeed, if instead of fixing the group K a priori, 
we fix the set of points {pi, . . . ,p n } to be blown up, a natural choice of K would be any max- 
imal torus in the subgroup of Isomo(M, g) fixing each pj. We believe that with these choices, 
conditions (i) and (ii) should be equivalent to the relative if -stability of the blown up manifold, 
when the resulting Kahler classes are rational (which in turn should be equivalent to a relative 
GIT stability of the configurations of points in M™ [H])- Moreover let us observe that one can 
apply our construction to any extremal representative of the class [uj] . While loosing control on 
the explicit shape of the metric g e , this clearly allows to find families of extremal representatives 
in [w e ], and gives some flexibility on the choice of points and weights for which our construction 
works for some representative in [to]. This flexibility is indeed connected to the above mentioned 
stability question, and it will be investigated in detail in [3]. A first simple appearance of this 
freedom will be used below in the case of projective spaces. 

If the initial manifold has constant scalar curvature, it might well be that the extremal metrics 
we obtain are in fact constant scalar curvature metrics. There is a simple criterion involving the 
points pi, . . . ,p n and the parameters oi, . . . , a n , which ensures that this is not the case. 
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Proposition 2.1. Under the assumptions of Theorem \2.2\ (or Theorem \2.1\) . if^2j &j £ w (Pj) 7^ 
then the metrics we obtain on M are extremal with nonconstant scalar curvature. 

We now emphasize the consequences of the above results for projective spaces and more gen- 
erally for toric varieties. 

When (M, u>) is P m endowed with the Kahler form tops associated to a Fubini-Study metric, 
we let (z , . . . , z m+1 ) be complex coordinates in C m+1 and let us fix for the rest of the paper the 
convention that [ujfs] — -P-D[P m_1 ], where p m_1 c P m is a linear subspace. This is particularly 
relevant when getting quantitative estimates on the Kahler classes reachable by our constructions. 
We consider the group K := S 1 x . . . x S 1 , the maximal compact subgroup of PGL(m+ 1), whose 
action is given by 

K x P m — ► P m 
{(pn, . . . ,a m+ i), [z 1 , . . . ,z m+1 }) 1 — > [aiz 1 , . . . ,a m+ iz m+1 ] 
and we consider the set of fixed points of K 

Pi := [1 :0: ... : 0], p ro +i := [0 : . . . : : 1] 

In this case, the space f) is spanned by vector fields of the form 

If (z j d zi - z L i).. ) 

and we have t = f) = I)' and f)" = {0}. As a consequence of the result of Theorem 12.11 we obtain 
extremal Kahler metrics on the blow up of P m at the points p±, . . . ,p n , for any n = l,...,rn+l. 

It is worth emphasizing that the special structure of the points which can be blown up on P m 
has its origin in the fact that we are starting from a specific choice of a Fubini-Study metric and 
hence, away from the blow up points the extremal Kahler metric u e is close to lofs- This example 
shows well the riemannian nature of our results (see Remark 12. 2|) . Now, if q±, . . . , q n £ P m are 
linearly independent one Ccin find extremal metrics on the blow up of ]p m at Qii • • • : Qn 

but this 

time the metric will be close to ip*u>Fs away from the blow up points, where ip is an automorphism 
of the projective space such that 

iPiPj) = Qi- 

Yet, since [i/j*ujfs] is independent of ip and of the choice of the Fubini-Study metric, we have 
obtained the following Kahlerian version of Theorem 12.11 for P m : 

Corollary 2.1. Fix 1 < n < m + 1. Given qi,...,q n G P m linearly independent points and 
a±, . . . , a n > 0, there exists £q > and for all e G (0, £0) there exists an extremal Kahler metric 
g £ on the blow up of P m at gi, . . . , q n whose associated Kahler form u> e lies in the class 

n*[co FS ] ~ e 2 Up 1 PD[E!] +... + a^ 1 PD[E n ]^j 

In addition, the Kahler metrics g e do not have constant scalar curvature unless n = m + 1 and 

&! = •••= O-m+l ■ 



6 



C. AREZZO, F. PACARD, AND M. SINGER 



The conditions n = m + 1 and a\ = . . . = a m +i being necessary and sufficient to get constant 
scalar curvature metrics among our family of extremal ones fits exactly with the more familiar 
picture of the Futaki invariants. Calabi has in fact proved that an extremal metric has constant 
scalar curvature iff its Futaki invariant vanishes |9J, and we will show in §11, using Mabuchi's 
result [20] relating the Futaki invariant to the coordinates of the barycenter of the convex polytope 
of a toric variety, that the above conditions arc indeed equivalent to the vanishing of the Futaki 
invariants for blow ups of P m . 

The case corresponding to n = 1 in Corollary 12.11 was already obtained by Calabi in more 
generality (i.e. for all Kahler classes) [8] and the case where P m is blown up at m + 1 linearly 
independent points q\, . . . , q m +i and a± = . . . = a m +i was already studied in [2] where constant 
scalar curvature metrics were obtained. 

In the case where P" 1 is blown up at more than m + 1 points in general position the resulting 
manifolds do not have nonzero holomorphic vector fields, hence extremal metrics are forced to 
have constant scalar curvature and the existence of some constant scalar curvature Kahler metrics 
follows from [2] and [26] , 

The previous Corollary can be understood as a special case of the the existence of extremal 
metrics on the blow up of toric varieties, which in fact leads to a more general result as we will 
see below even for P m . If (M,J,oj) is a m-dimensional toric variety whose associated metric 
is extremal, one can take K to be the torus T m giving the torus action. It then follows from 
Proposition 17.41 that f) = t, the Lie algebra associated to K. One can apply Theorem l2.1l to get : 

Corollary 2.2. Assume that (M, J,uj) is a toric variety whose associated metric is extremal, and 
let K be the torus T m giving the torus action. Given p±,...,p n S Fix(K) and a\,...,a n > 0, 
there exists Sq > and for all e € (0,£o) there exists an extremal Kahler metric g e on the blow 
up of M at pi, . . . , p n whose associated Kahler form uj £ lies in the class 



In other words, one can blow up any set of points contained in the fixed-point set of the torus- 
action and the weights aj > can be chosen arbitrarily. 

Since blowing up a toric variety at such points preserves the toric structure, one can apply 
inductively the last Corollary. Therefore, we obtain extremal metrics on any such iterated blow 
up. Beside these applications this last Corollary can be applied to can be applied to any toric 
Kahler-Einstein manifold, the classification of which has been completed in dimension m — 2, 3 
and 4, in [21], [24] and all the symmetric examples have been found by Batyrev and Selivanova 
[5] and to the one parameter family of extremal metrics found by Calabi of the blow up of P m 
at one point, producing then a wealth of open subsets of classes in the Kahler cone which have 
extremal representatives. 

For example our result applied to P 2 , P 1 x P 1 and Bl p P 2 as base manifolds leads to the following: 

Corollary 2.3. (1) If M = Bl PltP2 ¥ 2 then the following Kahler classes have extremal repre- 




1 

ra — 1 



PD[E; 




sentatives 



17 



[ufs] ~ (oi PDlEd + e 2 a 2 PD[E 2 }) , 



ai < 1 
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tt*M - ^^PD[ El ] PD[E 2 ], 

(2) If M = Blp liP2i p 3 ¥ 2 and the points do not lie on a complex line, then the following Kdhler 
classes have extremal representatives 

tt* ks] - (01 PD[Ex] + s 2 a 2 PD[E 2 ] + e 2 a 3 PD[E 3 }) , 01 < 1 
^ fas] - PD \Ei] PD[E 2 ] s^PDlEz], 

where aj + a^ < 1 /or all j, k, and 01+02+03 < 2. 

(3) If M = Bl pltP2tP3 ¥ 2 and the points lie on a complex line, then the following Kdhler classes 
have extremal representatives 

tt* [lofs] - (oi PD[E X ] + £ 2 o 2 PD[E 2 ] + e 4 a 3 PD[E 3 }) , o x < 1 

Tj*[uj FS ]~e 2 (aPD[Ei} + aPD[ E 2} + bPD[E 3 ]), b < a. 

Remark 2.3. This last family of examples is interesting also because it has been shown by A. 
Delia Vedova [T^], building on Szckclyhidi's work, that the above Kahler classes do not have 
extremal representatives for 6 > 2a, giving then an explicit upper bound for our construction to 
work. 

In all the above cases, the first families of classes are immediately obtained by our direct 
construction applied once or twice to Bl p V 2 with a Calabi's metric. The other classes are obtained 
by applying our result either to P 1 x P 1 with a product of Fubini-Study metrics, or by using some 
classical algebraic constructions which will be recalled in §11. 

We should also recall that when we blow up three not aligned points, the Kahler classes 
tt* [ojfs] — (ai PD[Ei] + a 2 PD[E 2 ] + a 3 PD[E 3 ]), where all the aj are sufficiently close to |, also 
have extremal representatives, thanks to the existence of a Kahler-Einstein metric on the resulting 
manifold, as shown by Siu-Tian-Yau, and the recalled deformation theory of Lebrun and SImanca 

Em. 

3. Notation and conventions 

The following conventions are used throughout. If (M, J) is a complex manifold, we write 
Aut(M, J) for the group of biholomorphic maps M — > M. If (M, u>) is a symplectic manifold, we 
write Exact(M, w) for the group of exact symplectomorphisms; that is, those that are generated 
by hamiltonian vector fields. Finally if (M , g) is a riemannian manifold, we write Isom(Af , g) for 
the group of isometries of (M, g) . We denote by a subscript the identity-component of these 
groups (even though the group of exact symplectomorphisms is already connected). 
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The metric g, Kahler form u> and complex structure J are related by 

(1) 9{JX,Y) = w(X,Y), or equivalently uj(X,JY) = g(X,Y). 

The action of J commutes with the musical isomorphisms, but if a is a 1-form and X is a 
vector field, we have 

(2) Ja(X) = -a(JX). 

Then T 1,0 corresponds to the -H-eigenspace of J while A 1,0 corresponds to the — i-eigenspace of 
J. In particular, we have 

(3) Bf=l(df-iJdf), Jdf = i(8f-df) 
and so on. 

Recall that a vector field X is said to be a hamiltonian vector field if there exists a smooth real 
valued function / satisfying 

(4) X = JVf. 

In this case we will write X = Xf. Using ([I]) we see that this equation is always equivalent to 

(5) u(X f ,-) = -df. 
or, using ([3|), is also equivalent to 

(6) \u(E f ,-) = -df. 
when 

S f := X f - z JX f G T 1 ' 
Let us now define the second order operator 

P u : C°°(M) — ► k°' l {M,T l '°), 

(7) 

/ ~ \d^f 

so that the null-space of P w (beside the constant function) corresponds to holomorphic vector 
fields with zeros. Observe that the operator depends on the Kahler metric u>. Also, with this 
definition, a metric lu is extremal if and only if P u (s(u))) = 0. 
Clearly, any smooth, complex valued function / solution of 

K p « f = o 

on M gives rise to a holomorphic vector field S/ defined by © since by integration over M 
implies that ||i9S/|| i 2( M ) = 0). We recall the following important result which shows that the 
converse is also true : 

Proposition 3.1. [9], |17j 5 € T 1,0 is a holomorphic vector field with zeros if and only if there 
exists a complex valued function f solution of P* P u f — such that ^ w(H, — ) = —df. 

In addition, we have the following result which follows from a theorem of Lichnerowicz (see 
Besse g], Corollary 2.125 and [17]) 



lr To help the reader connecting this notation with the existing literature, let us remark that Sf = 2id^f 
2 i 8&f, the (1, 0) part of the gradient of /, in the notations used in [9] and |17l . 
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Proposition 3.2. [4], [17] A vector field X is a Killing vector field with zeros if and only if there 
exists a real valued function f solution of P* P^ f — such that w(A, — ) = — d/. 

In other words, if S is a holomorphic vector field and / the function given in Proposition 13. 11 
then / can be chosen to be real valued when X = !K 5 is a Killing vector field. Also, any Killing 
vector field is automatically real-holomorphic. 

Observe that, in particular, if X is a Killing vector field with zeros, then E = X — iJX is a 
holomorphic vector field. We recall the : 

Definition 3.1. A vector field X is real-holomorphic if and only if X — iJX is a holomorphic 
section of T l <°M. 

4. Equivariant set-up 

We fix a compact subgroup K of Isom(M, g) and we assume that the Lie algebra of K contains 
X s = J Vs. We do not insist that K be connected. 

Let us denote by f) the Lie algebra of real-holomorphic vector fields which are if -invariant and 
are hamiltonian. Note that, since u> is if -invariant, X s certainly lies in f) for any choice of K. 

There is a large flexibility in the choice of A varying from the two extreme cases where X s 
happens to generate a closed subgroup of Isom (M, g), then this will be a circle-subgroup S 
contained in the center of Isomo(M, g) and one could choose K = S and the opposite situation 
where we choose K = Isomo(M, g). 

With slight abuse of notations, we will identify elements of t) with the real-holomorphic vector 
fields corresponding to the infinitesimal action of H on M. For any Kahler metric u>, denote by 
£uj the moment map for the action of H, uniquely determined by requiring to have mean zero 

(8) : M -> h* 

Recall that this is defined as follows. If A G f), then the function / = (£ U ,X) on M is a 
hamiltonian for the vector field X, namely, a solution of : 

(9) u(X,-) = -df 
normalized by 

Jm 

Observe that according to (fT9|) we also have 

£w(H,-) = -0 

where E ~ X — i J X is the holomorphic vector field associated to X. 

This is just an invariant way of introducing the potentials corresponding to hamiltonian, real- 
holomorphic vector fields with zeros. 

Remark 4.1. Notice that as the Kahler form varies (among A-invariant forms the moment map 
varies. In section 4, we will explicitly study the dependence of £ w on uj. 
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For the blow-up problem, we note that a vector field X lifts to M, the blow up of M at 
Pi, . . . ,p n , if and only if it vanishes at each of the points pj. If we have fixed the isometry group 
to contain K, it follows that we only stand a chance of blowing up points which are fixed by every 
element of K. So, we suppose that 

(10) For all j = 1, ... , n, p 3 G Fix (K). 

Now, if uj is a putative extremal Kahler metric on M its scalar curvature must be a sum of 
if-invariant potentials corresponding to vector fields that vanish at the pj and are if-invariant 
and hence they have to correspond to vector fields which are in fj'. Thus we introduce the lie 
algebra f)' that is given by 

= tnf) 

We denote by t)" the orthogonal complement of f)' in f) with respect to the scalar product 

{X,X\ := / (£ u ,X)(UX)dvol g . 
Jm 

Informally, potentials of the form X') (for X' G f)') will the good potentials corresponding to 
vector fields vanishing at the pj, and hence lifting them to M they can be used to deform the 
scalar curvature of the Kahler form Q. The potentials (^ U ,X") (for X" G f)") will be the bad 
potentials corresponding to vector fields that do not necessarily lift to M but, in any case, these 
are potentials that will not be used in the deformation of the scalar curvature of uj. 

To apply a perturbation argument, as in [2], we shall need to solve two linear problems. First 
we need to find a function T, a constant A and a vector field Y' € f)' solutions of 

n 

(11) \P* P^T + , Y') + A = c m aj 5 P] 

3 = 1 

where the masses aj are positive and c m > is a positive constant only depending on the 
dimension m. The solvability of this problem comes down to the relative moment condition : 

n 

(12) 2_, a j £w(Pj) € t)' * f° r some a 3 > 

i=i 

Using this, we first consider a first perturbation of u>, away from the points to be blown up. 
This perturbed Kahler form we consider is given explicitly by 

to e :=uj + idd(e 2m - 2 T) 

where e > is a small parameter. This Kahler form is well defined away from the points Pj 
(provided s is chose small enough) and, as will follow from the analysis in the next section, has 
scalar curvature given by 

s(£ e ) = sM + e 2 " 1 - 2 ((£^8^ r) ,Y>) + A) + G(e 4 ™- 2 ) 

The final task will be to perturb this Kahler metric into an extremal metric. To this aim, 
given any (smooth) function /, we need to be able to find a function 4>, a constant v, a vector 
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field Z' G f)' and masses bj € R solutions of 

(13) | P: P u <\> + i/ + (&,, Z') + c m ^ 6,- <5 Pj = / 

The solvability of this problem is precisely equivalent to the genericity condition : 

(14) The projections of £ w (f>i), ... ,£u>(Pn) in f)" * spanf)"*. 

The core of the paper is to show that these conditions are indeed sufficient conditions to 
guarantee the existence of extremal metrics in the appropriate classes. 

5. Linear operators 

The linearization of the mapping 

(15) / — > s(c^ + idBf) 
is given by the formula 

(16) L:=-iA2-Ric 3 .V2 

where Ric 9 stands for the Ricci tensor of the metric g associated to lo. On the other hand, 

(17) P: P u = A 2 g + 2 Ric 3 • V* - J X s + iX s . 

where P is the operator defined in {7} and X s is the hamiltonian vector field associated with s. 
Hence we have : 

(18) l, = -\P:P u -\JX s + ^X s 

Working equivariantly with respect to a compact group K whose lie algebra contains X s has 

the important effect of making the last term in (|18[) disappearing, leaving a real operator on 
JsT-invariant functions. 

Consider the map 

F : i)xC°°(M) K — > C°°(M) K , 

(19) 

(XJ) .— > s(LJ + iddf)-{Z u+id§f ,X), 

Here the superscripts K denote the X-invariant part of the function space. 
The following is due to Calabi and LeBrun-Simanca. 

Proposition 5.1. Assume that to is extremal and X s £ \), then DfF\/x m ,o)> the linearization of 
F with respect to f at (X s ,0) is equal to — \P^P^- 

Proof. We already know the linearization of the scalar curvature map, so we only need to know 
the linearization of 

/ 1 > Cu+iddf 

with respect to /. Take any Since / is if-invariant, X is a Killing vector field (with zeros) 

for the Kahler form li + iddf. Hence, using the analysis of §4, we can write 
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where E := X — i J X, and we see immediately that £, the first variation of / i — > ^u+iddf with 
respect to / computed at / = 0, satisfies 

iddf(E,-) = -B{iX). 

Working in local coordinates, the left hand side of this expression is equal to 

2 uz an \^ dz k J 
because E is holomorphic. Hence we see that 

(20) &X) = -iEf. 

Now, we apply this analysis when u> is extremal, with extremal vector field X s € f). We obtain 
for any smooth function / 

D f F\ (Xsfi) (f)=-Lf+±E s f with E s := X s - i J X s . 

Hence 

(21) D f F\ (Xefi) (f) = -I P* P u f - \ JX S f + | X s f + | S s / = -i P' P w / + t X s /. 
Remembering that when / is if-invariant and X s € J, we have 

= o 

we conclude that D /i r |(x s ,o)(/) — — 5 -Pw /• This completes the proof. □ 

6. Burns-Simanca's metric on the blow up of C™ 1 at the origin 

We describe a scalar flat Kahler form rj define on C m , the blow up at the origin of C m . This 
metric is U(m) invariant and was found by Burns [16j . when m — 2, and Simanca [27], when 
m > 3, following a method introduced in [S] . Away from the exceptional divisor, the Kahler 
form 1] is given by 

r\ = iddE m (v) 

where v = (v 1 ,...,v m ) are complex coordinates in C m \ {0} and where the function E m is 
explicitly given, in dimension m = 2, by 

E 2 (v) := I| w | 2 +log|i;| 2 

while in dimension m > 3, even though there is no explicit formula for E m we have the following 
expansion 

= ! M 2 - M 4 ~ 2m + 0(M 2 ~ 2m ) 

as \v\ tends to 00. Observe that E m is defined up to a constant. Details can be obtained either 
in [8], or [27] or even [2]. 

It is important to stress that the metric r\ is defined in terms of a choice of coordinates 
(«,..., w m ), and any choice of local coordinates around the point pj gives rise to a preferred 77. 
On the other hand the geometry of extremal metrics, and in particular our choice of the group 
K, points to a preferred choice as we will see in the next section. 
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7. Jf-INVARIANCE AND EXTENSIONS ON THE BLOW UP 

We discuss the crucial question of the lifting of objects (such as the action of K, holomorphic 
vector fields, associated potential,. . . ) all of which are defined on M, to the blown up manifold. 

Recall that, blowing up a m-dimensional complex manifold at a point can be understood as a 
connected sum construction which can be performed by excising a small ball in complex normal 
coordinates around the point we want to blow up and replacing it by a large neighborhood of the 
exceptional divisor in C m , the blow up of C m at the origin, keeping some compatibility between 
metrics and complex structures on the different summands. 

Now, M is endowed with a K invariant Kahler form u) and C m will be equipped with a suitable 
multiple of the scalar flat Kahler form rj defined in the previous section. Since we want the action 
of the group K to lift to an isometric action also for the new metrics we have to impose the 
condition that K C U (m) on the neighborhood of the point p which will be blown up, since U (m) 
is the isometry group of any Burns- Simanca's metric r]. This is accomplished by linearizing on a 
small neighborhood of p the action of K, which is ensured by the following classical result [6] : 

Proposition 7.1. Let D be a domain of a complex manifold and G C Aut(D,J) be a compact 
subgroup with a fixed point p £ D. In a neighborhood ofp, there exist complex coordinates centered 
at p such that in these coordinates the action of G is given by linear transformations. 

We will refer to these coordinates as G-linear coordinates. The following proposition, proved 
in [2] , shows that one can find G-linear coordinates which are also normal coordinates about p, a 
fixed point of G. 

Proposition 7.2. Assume that G C Isom(M,u}) is compact. Then there exist [z\...,z m ), 
G-linear coordinates centered at p € Fix(G) such that 

cj = idd(±\z\ 2 + tp). 

where the function ip is G invariant and ip = C(|z| 4 ). 

In our construction of extremal Kahler metrics on blow ups, this proposition will be used in 
the following way. We apply the previous result to G = K close to a fixed point p 6 Fix (K). We 
obtain normal coordinates, in D a neighborhood of p for which the action of K is linear. Given 
leta Killing vector field vanishing at a point p we can lift this vector field as a vector field X 
on D the blow up of D at the point p. If D is endowed with a rj, a multiple of Burns-Simanca's 
metric, then X will still be a Killing vector field of (D, J,arj). In addition, X still vanishes at 
some point on the exceptional divisor over p as is shown in the following : 

Proposition 7.3. Let X be a real-holomorphic vector field on M, and let p be any point in M 
such that X(p) = 0. We denote by X the lift of X to the blow up of M at p. Then, there exists 
a point q on the exceptional divisor over p such that X(q) = 0. 

Proof. For simplicity, we give the proof in the case where m — 2. Given z := {z l ,z 2 ) complex 
coordinates centered at p, we write 

X -UX = X 1 d z i +X 2 d z 2, 
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with X l (0) = 0. Let (u 1 ,^ 2 ) be complex coordinates on C 2 such that z 1 = u 1 u 2 and z 2 = u 2 , 
covering an affinc chart of the exceptional divisor over p. Then, X — iJX, the lift of the vector 
field X — iJX, is given by 

x - ijx = z2 %^ lx2 d u i + x 2 d U 2. 

We can always write 

X 1 = az 1 + bz 2 + <D(\z\ 2 ), and X 2 = c z 1 + dz 2 + 0(\z\ 2 ) 
for z close to 0. 

We consider the point of the exceptional divisor corresponding to the line z 1 = \z 2 (i.e. 
{u 1 ,u 2 ) = (A, 0)). Obviously, we have 

lim X 2 {\z 2 ,z 2 ) = 

z 2 ^0 

for all AC and 

lim z2 K^P^ (Az 2 ,z 2 ) = -cA 2 + (a - d)X + b, 

Unless c — 0, d — a, b ^ 0, in which case the point at infinity of C = {A} annihilates X, the 
equation — cA 2 + (a — d)X + 6 = has always a root A which corresponds to a zero of X. □ 

Let us end this section with a simple but useful result. Since the obstruction for our con- 
struction to be successful is essentially contained in f)", it is interesting to have some geometric 
efficient property which implies that f)" = 0. 

To state this condition precisely, let us fix p e M and denote by p: K — ► Gl(T p M) the 
representation of K induced on T p M by the action of K on M. 

Proposition 7.4. If there, exists p e Fix(K) s.t. the maximal torus Ti of p(K) has dimension 
equal to dimcM , then f)" = 0. 

Proof. We need to show that l)Ct. If p € Fix(K) we can use Proposition linearize the action of 
T { c near p in a such a way that p{K) can be written as Zj i— » e l6j zj in suitable complex coordinates 
on T p M. The condition dim^Tt — dim^M then implies that 9j ^ 9i for j ^ I. This immediately 
implies that the elements of H are also diagonal, and hence the result follows. □ 

Observe that the above condition is easily satisfied by any toric manifold with K the maximal 
compact torus giving the torus action. 

8. Mapping properties 

For all r > 0, we agree that 

B r := {z e C m : \z\ < r}, 
denotes the open ball of radius r > in C m , B r denotes the corresponding closed ball and 

B* r := B r - {0} 
the punctured closed ball. We will also define 

C r := C m - B r and C r := C m - B r 
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to be respectively the complement in C m of the closed the ball and the open ball of radius r > 0. 

8.1. Operators defined on M — {pi, . . . ,p n }- Assume that we are given n distinct points 
Pi, ■ ■ ■ ,Pn £ M- For each j = 1, . . . , n, we can choose complex coordinates z :— (z 1 , . . . , z m ) 
in a neighborhood of in C m , to parameterize a geodesic ball of radius r centered at pj in 
M. Furthermore, as explained in the previous section, these coordinates can be chosen to be 
normal at pj and to be X-linear. In order to distinguish between the different neighborhoods 
and coordinate systems, we agree that, for all r small enough, say r £ (0, ro), Bj, r (resp. Bj. r 
and Bj r ) denotes the open ball (resp. the closed and closed punctured ball) of radius r in the 
coordinates z parameterizing a fixed neighborhood of pj . 

We fix ro small enough so that Bj >r are disjoint for all r < 4ro. We set 

M r := M - UjB jjr 

The weighted space for functions defined on the noncompact manifold 

(22) M* := M — {pi, . . . ,p n }. 

is then defined as the set of functions whose decay or blow up near any pj is controlled by a power 
of the distance to pj . More precisely, we have the : 

Definition 8.2. Given I £ N, a £ (0, 1) and S e R, we define the weighted space C e s ' a (M*) to be 
the space of functions / £ C,'" (M* ) for which the following norm is finite 

ll/ll C ^(M.)^H/llc^(M. )+E ( SU P (r- S \\f\ Bj Jr.)\\ c t, a(S2 _ Bl) )). 

j—l \r<r x ' J 

We are interested in the mapping properties of the operator 

T ■ „Ip* p 

J-'U) • o <jj ^ 

which has been defined in §6. We define in B* rg the function Gj by 

Gj(z) = - log \z\ 2 when m = 2 and Gj(z) = |z| 4 ~ 2m when m > 3. 

Observe that, unless the metric u> is the Euclidean metric, these functions are not solutions of 
the homogeneous equation associated to L u , however they can be perturbed into Gj solutions of 
the homogeneous problem L u Gj — 0. Indeed, reducing ro if this is necessary, we know from [5] 
that there exist functions Gj which are solutions of L u Gj = in B* ro and which are asymptotic 
to G 3 in the sense that G 3 - G 3 £ Cl'\ n {B* rQ ) when m > 4 and G 3 - Gj £ Cf a {B* ro ) for any 
5 < 6 — 2m when m = 2,3. The rational behind these constructions is that the Kahler metric u 
osculates the Euclidean metric to order 2 and hence 

Gj £ C2L 2m (Bj : r )- 

With the functions Gj at hand, we define the deficiency spaces 

V Q := Span{xi, ■ ■ ■ ,Xn}, and Oi := Span{^i G lt . . . , Xn G n }, 
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where Xj is a cutoff function which is identically equal to 1 in Bj ra / 2 and identically equal to 
in M — Bj^ ro . Furthermore, we assume that \j 1S -^-invariant. 

When m > 3, we fix 5 E (4 — 2m, 0) and when m = 2 we choose 6 <E (0, 1). We define the 
operator 

C s : (Cf a {M*) K ©2?)xf)' xM — > C° S ^{M*) K 

.— > -\KP»f-{UX')-n, 

Where T> = T>\ when m > 3 and T> = T>o © T> i when m = 2. The main result of this section 
reads : 

Proposition 8.1. Assume that the points p%, . . . ,p n € M are chosen so that . Then, the operator 
Cs defined above is surjective and has a kernel of dimension n + 1 + dim [)' . 

Proof. The proof of this result follows from the general theorem described in [53] and [25], nev- 
ertheless, we choose here to describe an (almost) self contained proof. Recall that, when working 
equivariantly with respect to a group K, the kernel of L is spanned by the functions of the form 
(£, X) + /j, where and /i G K. Also recall that, by assumption (£, X) has mean 0. 

Observe that C° S \{M*) K C L X {M) precisely when 8 > 4 - 2m. We use the fact that L is self 
adjoint and hence, for h € L (M), the problem 

n 

±P*Pf + (Z,X')+fi + J2l>j5 Pj =h 

3=1 

is solvable in W 3 ' q {M) for all q £ [1, if and only if 

n - 

/U Volg(M) + V] 6j = / ft cfeoZ g 

J=l ^ 

(remember the (£, X) is normalized to have mean 0) and, for all X" E f)" 



n „ 

$><e(Pi),*"> = / 



(remember that f)' and f)" are constructed so that 

(X', X'% := f (£, X') (£, X") dwij, = 0, 

for all X' S f)' and all X" S f)"). The first equation gives the value of in terms of the bj's 
and the function h. While, the second system in bj's is solvable since we have assumed that the 
projection of £(pi), ■ ■ ■ ,£,(p n ) over f)" * spans f)" * . 

To complete the proof, we simply invoke regularity theory which implies that / <E C s ' a (M*) K © 
V. The estimate of the dimension of the kernel is left to the reader since it will not be used in 
the paper. □ 
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8.3. Operators defined on C m . We choose coordinates u := (it 1 , . . . , u m ) to parameterize C m , 
the blow up of C m at the origin, away from the exceptional divisor. 
We start with the : 

Definition 8.4. Given I £ N, a £ (0, 1) and 5 £ E, we define the weighted space c£ a (C m ) to be 
the space of functions w £ Cj'"(C m ) for which the following norm is finite 

H/IU^Cm) := ||/|| c <.«»(C"»-cri) + SU P r ~ S \\f\c.A r -)\\ct-<*(B 2 - Bl )- 

r>R 

Given S £ R, we define the operator 

C 5 : Cf a (C m ) K — > C°f 4 (C m ) K 

and recall the following result which is borrowed from [2] 

Proposition 8.2. Assume that 5 £ (0,1). Then the operator Cg defined above is surjective and 
has a one dimensional kernel spanned by a constant function. 

8.5. Bi-harmonic extensions. The following results are concerned with Bi-harmonic extensions 
either on the complement of the unit ball or on the unit ball of C m of boundary data defined on 
the unit sphere. Here A denotes the Laplacian on C m . 

Proposition 8.3. Given h £ C^idBy), k £ C 2 ' a (dBi) such that 

[ (4mh-k)=0 

there exists a junction W i (= k ) £ C 1 ' Q (_Bj t ) such that 

A 2 W i ^0 in B 1 W l = h and AW 1 — k on dB 1 . 

Moreover, 

W W %^(Bl) ^ c(|H| C 4, Q(aBl) + ||fc|| C a,a (8Bl )) 

Given h £ C 4 ' a (dB!), k £ C 2 - Q (9Si) such that 

[ k = 

there exists a function W°(— W,° k ) £ C 3 ^ 2m (C m — B{) such that 

A 2 W° = 0, in C m -B 1 W° = h and AW° = k on dB x . 

Moreover, 

W W °\\ci^ m {Ci) < ciWHc^idB,) + ||fc|| C 2, Q(9Bl) ) 
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Let us briefly comment on the assumption. To this aim, let us concentrate on the case where 
both h and k are constant functions in which case their bi-harmonic extensions W % and W° are 
given explicitly by 

W l (z) = a + b\z\ 2 

and 

W°{z) = c\z\ 4 - 2m + d\z\ 2 - 2m 

when in > 3 and 

W°(z) = c\og\z\ + d\z\- 2 

when m = 2. It is easy to see that W i e Cj l ' a (B 1 *) if and only if a = 0. While e C£? 2m (C m - 
Si) if and only if c = 0. These conditions lead to the constraints on the function h and fc as in 
the statement of the result. 

9. Nonlinear perturbation results 

9.1. Perturbation of uj. The first perturbation we will perform is concerned with the perturba- 
tion of the extremal Kahler form ui which is defined on the manifold M. We keep the notations 
which have been introduced in §6. 

The Kahler metric to being extremal, we have 

(23) s(uj) = (^,X s )+ f i s 
for some Killing field 

and some constant a s e M. 

Given n points pi, . . . ,p n € M and real parameters ai, . . . , a n > 0. The points pj are precisely 
the points where the manifold M will be blown up and the parameters aj > will be closely 
related to the Kahler classes and also the volume of the exceptional divisor on the blow up 
manifold, once the construction will be complete. 

We recall here the crucial assumption on the choice of the points pj and the parameters aj , 
namely, we assume that 

(24) E^^i)^'* 

This condition is precisely the one which allows one to find a function T, a vector field Y' E f)' 
and a constant AeR such that 

n 

(25) \ I»P U V + , Y 1 ) + A = c m ^ 5 Pj 

3 = 1 

where the constant c m is defined by 

Cm : =4(m-l)(m-2)|5 ,2m " 1 | when m > 3 and c 2 :=2|S 3 | 
Indeed, the existence of T depends on the ability to choose Y' e f)' and Aetso that 

n 
3 = 1 
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is "orthogonal" to the kernel of — | P* P^. Since this kernel is precisely spanned by the functions 
of the form (£, X) + a where X 6 f) and a 6 R, we see that (f2"4"]l is a necessary and sufficient 
condition for the existence of T. We also have the relation 

n 

(26) A = Cm a, 

i=i 

and we know that the Killing field V S f)' has to be chosen so that 

„ n 

(27) / Zudvolg-J^aj tufa) Ztf" 

It is not hard to check that the function T has a nice expansion near each pj. Indeed, we have 
the : 

Lemma 9.1. Near pj/ , the following expansions hold 

r(z) = - a] \z\ 4 - 2m + o(\z\ 6 - 2m ) 

when m > 4, 

T(z) = -a, \z\- 2 + b, log \z\ + Cj + 0{\z\) 
for some bj, Cj € K when m = 3, while 

T(z) = a, log \z\ + bj +c r z + 0{\z\ 2 (- log \z\)) 

for some bj G R and Cj € C m , when m = 2. _ffere C(|z| 9 (— log |z|) 9 ) denotes a smooth func- 
tion defined away from 0, whose partial derivatives, when taken with respect to the vector fields 
\z\ d z j and \z\d g j, are bounded by a constant (depending on the number of derivatives) times 
\z\«(-log\z\)«' . 

We fix 



(28) r e := E 2m+i 

This corresponds to the radius of the balls centered at the points Pj which will be excised from 
M. Recall that, for r > small enough we have defined 

M r := M - yJjBj.r 

On each of the boundaries of M re , we will need some small boundary data. Hence, we assume 
that we are given 

hj eC^idBi)* and kj eC 2 > a {dB x ) K 

for j = 1, ... ,n, satisfying 

(29) IIMc^BO + \\kj\\c*.<*{dB x ) < "e, 

where k > will be fixed later on. The subscript K in the definition of the spaces is meant to 
remind the reader that the functions hj and kj are invariant under the action of K. We further 
assume that 

(30) / kj = 

JOB! 
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so that the second half of the result of Proposition 18.31 applies. To keep notation short we set 

h := (hi, . . . , h n ) and k := (ki, . . . , fc„). 

In particular, we can define the function W^h.k which is identically equal to in M2 ro and, 
for j = 1, . . . , n is equal to 

(31) W £ , hik := Xj WZ jtk .(-/r e ), 

in -By.2r ■ Here Xj is a cutoff function which is identically equal to 1 in Bj, ro and identically equal 
to in M — Bj 2r - Observe that the function W s h,k depends (linearly) on h and k and is K 
invariant. 

This being understood, we have the : 

Proposition 9.1. Given S £ (4 — 2m, 5 — 2m) when m > 3 or 5 G (0, 2/3) when m = 2, there 
exists e K > and c K > such that for all e £ (0, e K ) one can find a function </> e ,h,k € C A,a (M rc ), 
a vector field y r f: ' hk £ and a constant A £) h,k G R such that the scalar curvature of the Kahler 
form 

^, h ,k = uj + tdd(e 2m - 2 r + We, h , k + 4, h , k ) 

defined on M Te , satisfies 

-ds(w E)h)k ) = w £ , h ,k(Xs + e 2m " 2 5" + y £ ', hik , -) 

Tg^f 1 / s (w e ,h,k) — s(w £i h,k) = A £ ,h,k 

In addition, we have the estimate 

H r e',h,klU~ +r 2 ™- 4 Mip, : „ HeMM\B ] , 2rc -B ] , rE (re-)\\c^(B 2 -B 1 ) 

< Cf _ J r 2ra+1 _|_ £ 4m-4 r 6-4m-c5^ 

|A E , h ,k| <ce 2 " 1 - 2 

^4nd we a/so Ziaue 
(32) 

+r 2 " 1 " 4 Mip, , „ ||(0 e ,h(i),k<i) -$e,HV\Uv)\B j ,z re -B j , r S r e')\\c' k > a {B2-B 1 ) 

< C K (^m-3 + e 2m-2 r 2-2 m -«) || ( h (l) _ h (2) ^ k (l) _ fc (2) ) || ^ ^ )n > 

provided the components of h, h^, h/ 2 ', k, kW,k' 2 ) satisfy S29\) and LS0\) . 

The remaining of this section is devoted to the proof of this result. 
Proof. To begin with, using the analysis of §6, we can expand : 

s(uj + iddf) = B (w) -±P:Pu,f-kJX 3 f + ±x s f + Q U {V 2 f) 
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The structure of the nonlinear operator Q u is quite complicated but in each Bj^ , this operator 
enjoys the following decomposition 

Q-(v 2 /) - E 9 5 gA2 (v 4 /,v 2 /)c g , 4 , 2 (v 2 /) 

+ E 9 ^ 3 (v 3 /,v 3 /)c^3(v 2 /) 

(33) 

+ M E g £^ 2 (v 3 /,vV)c^ 2 (v 2 /) 

+ E 9 ^ 2 (v 2 /,v 2 /)c g , 2 , 2 (v 2 /) 

where the sum over q is finite, the operators (U, V) i — ► B q . a .b{U, V) are bilinear in the entries and 
have coefficients which are smooth functions on Bj,r - The nonlinear operators W i — > C 9i0 ,&(W) 
have Taylor expansions (with respect to W) whose coefficients are smooth functions on Bj t r - 
These facts follow at once from the expression of the scalar curvature of s(wo + idd f) in local 
coordinates [T]. 

The equation we would like to solve in M Te reads 

s(u + iddf) — C — — A* = 

where 

C = x s + X 1 ) - i J (X s + X')/ - 1 (X s + X') f 
Observe that, using the analysis of section 5, we find that 

-d£=(u+iddf) {X s +X',-) 
Using the above expansion together with (|23p . we can rewrite this equation as 



4^^/ + jI s / + q w (v 2 /)-(^i') + F7 + |^7-m = o 

Assuming that X' S ()' and keeping in mind that we work equivariantly so that the function / is 
now assumed to be K invariant, this simplifies into 

i P* P u f + (&,, X') +n = \JX'f + Q W (V 2 /) 

We set 

/ := e 2m - 2 r + W + <j> 
X' := e 2 " 1 - 2 Y' + Z' 
fx := e 2m ~ 2 \ + v 

where V, Y' G f)' and z/ are defined in ((Ml) and ||S7J) and 1U = W e ,h,k is defined in (|3"Tj) . 

It is easy to se that the system of equations which remains to be solved on M re can be formally 
written as 

\P*P w <f> + {^Z') + V =Q{4>,Z') 
where the operator Q — Q(e, h, k; •, •) is defined by 

Q(e, h, k; 0, Z') := -± Pj; P w W + | J (e 2m ~ 2 Y' + Z') (£ 2m ~ 2 T + W + <t>) 
+ Q^{V 2 {e 2m - 2 T + W + (/>)) 

We need the : 
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Definition 9.2. Given f G (0, r ), I G N, a G (0, 1) and i5ef, the weighted space C^' Q (M F ) is 
defined to be the space of functions / G C e ' a (M f ) endowed with the norm 

n 

Wf\\c*"(Mr) := Wf\y.-(M ro ) + ^2 sup r- 4 ||/| ( s Bji|l) (r-)||c«.«»(B,-BO 

Next, we consider an extension (linear) operator 

£?,s> ■ C§! a (Mf) — * C°! a (M*), 

which is defined as follows : 
(i) In M f , £r iS , (/) = /. 

(ii) In each Bj t f — Bj f /2 

£rj> (/)(*) = aJ ^/(' 5 ft)- 

(iii) In each Bj,f/2, £f,S> (/) = 0. 

It is easy to check that there exists a constant c = c(8') > 0, independent of f G (0, r ), such 
that 

(34) \\£r,6'(f)\\e° r(M *) < c||/|| c o.- ( ^). 
The equation we would like to solve can now be written as 

(35) | P* P u 4> + (&, , Y') + V + Sr. ,5-4 O Qe (0, V) = 

We fix (5 G (4 — 2m, 5 — 2m). If C?,5 denotes a right inverse for £5 which is provided by Proposi- 
tion [HHJ we just need to solve 

(4>,Z',v) =Af(e,h,k,<f),Z') 

where <fi G Cg' a (M*) K © V, Z' G f)', ^ G K and where the nonlinear operator Af(e, h, k; • , • ) is 
defined by 

Af{e, h,k; ■,■):= Q s £r c ,s-4 Q 

We set 

T:= (Cf a (M*) K ®V) x|'xl 

which is endowed with the product norm. 

The existence of a solution to this system depends is a simple consequence of the fixed point 
theorem for contraction mappings once the following estimates are proved. 

Lemma 9.2. There exists c > 0, c K > and there exists e K = s(k) > such that, for all 
ee (0,e„) 

(36) \\M(e, h, k; 0, 0)||^ < c K (r 2 E m+1 + e 4 ™" 4 r 6 £ - 4m - s ), 
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and 

\\N{e, h, k; Z' W) - 7V(e, h, k; ^ 2 \ Z> ( 2 ))||^ 

(37) 

< c K e 2m - 2 r & ~ Am ~ s || (4>W - <j>W,Z' W - Z' (2) , 0)||^ 

Finally, 
(38) 

||AA(e, hW, k«; 0, Z) - jV(e, a, h( 2 \ k< 2 ); 0, Z')||^ 

< c K (r| m ~ 3 + e 2m - 2 r 2-2 m -*) || ( h (i) _ h (2) )k (i) _k( 2 ))|| (C 4, Q) „ x(c2 , Q) „ 
provided (0, Z', 0), (^^ , Z' « , 0), (0( 2 \ Z' < 2 \ 0) € J" satis/y 

||(0, Z',0)||^ + ||(0 (1) , Z' W,0)\\ F + ||(^ (2) , Z' ( 2 >,0)||^ < 6c K (r 2m+1 + ^-4^6-4™-^ 
and the components of h, hW , h<< 2 \ k,kW,k^ satisfy 1MB and fifty . 

Proof. The proof of these estimates can be follows what is already done in [I] and [2] with minor 
modifications. Wc briefly recall how the proof of the first estimate is obtained and leave the proof 
of the second and third estimates to the reader. First, we use the result of Proposition 18.31 to 
estimate 

(39) \\W\\ ctLa2m(Mre) <c K r 2 ™+\ 

Now observe that, by construction, A 2 W — in each B ra /2 — B Te (here A is the Euclidean 
Laplacian), hence 

L^W={L u + \ A 2 ) W 

in this set. Making use of the fact that the coordinates near pj are chosen to be normal, we get 
the existence of a constant c K > such that 

\\L.W\\ c o L ^ rB) <c K rl™+\ 

Note that this is where wc implicitly use the fact that 6 < 5 — 2m. 
Next, we estimate the norm of e 2m ~ 2 JY' (e 2m ~ 2 T + W) by 

|| £ 2m-2 Jy , ( £ 2m - 2 r + W0|| c o,« (A?i>) < CE 4m - 4 . 

where the constant cs does not depend on k provided e is chosen small enough, say e € (0,e k ). 

Finally, we use the structure of the nonlinear operator as described in ([33]) together with 
the estimate (piiJf to get 

2/„2m-2-p i Tim II ^ „ „4ro— 4 „6-4ra— 6 



\\QJV 2 (e 2m ' 2 T + W))\\ c ^ 4(fIrs) 



for some constant cs > which does not depend on k provided e stays small enough. The first 
estimate then follows at once. □ 

Reducing e K > if necessary, we can assume that, 
(40) c K s 2m ~ 2 r & ~ 4m ~ 5 < \ 
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for all e £ (0, e K ). Then, the estimates (|36p and (|37|) in the above Lemma are enough to show 
that 

>JV(e,h,k; 

is a contraction from 

{(0,A»e.F : ||(0,X'^)||^<2 CK (r e 2m+1 + e 4m - 4 r £ 6 -")}, 

into itself and hence has a unique fixed point (0 E ,h,kj ki ^e.h.k) i n this set. This fixed point 
yields a solution of |35|) in A/ re and hence provides an extremal Kahler form on M re . The 
estimates in Proposition 19 . II follow at once from the estimates in Lemma l9~2| increasing the value 
of c K and reducing e K if this is necessary. □ 

9.3. Perturbation of r\. We perform an analysis similar to the one we have done in the previous 
section starting with C m , the blow up of C m at 0, endowed with the Burns-Simanca's metric rj. 
Given a > 0, we now consider on C m , the perturbed Kahler form 

fj = a 2 i] + iddf, 

Everything we will do will be uniform in a as long as this parameter remains both bounded from 
above and bounded away from 0. In fact, we will apply our analysis when a satisfies 

(41) &min — Q> — &max-i 

Given and a if-invariant killing field X 6 t, we would like to solve the equation 

(42) s(a 2 T] + iddf) =e 2 C 
in N Re/a where 

Q=l-lj X f-iXf 

and £ is the solution of 

~dC = a 2 V (X,~) 
normalized so that the mean of C over dB Re / a is prescribed by 



l 



\0B Re/a \ 



Observe that, using the analysis of section 5, we find that 

-dt=(a 2 r, + iddf) (X,-) 

Also, working with X-invariant functions, since X £ t, we have X f = 0. 
It will be convenient to denote 

N R := C" - C R 

We fix 

(43) R E := f 

Assume we are given h £ C A ' a (dBi) K and k £ C 2,a (dBi) K satisfying 

(44) IHIc^OBx) + \\k\\c*.*(dBi) < KRl~ 2m , 
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satisfying 

(4mh - k) = 



dB 1 

where k > will be fixed later on. We define in N RE / a the function 
(45) W sM :=x(W^ k (a-/R s ), 

where x is a cutoff function which is identically equal to 1 in C2 and identically equal to in Ni 
and where k has been defined in Proposition 18. 31 

We will assume that the parameter v and the vector field X are uniformly bounded in Nn e / a . 
To be more specific, we agree that 

Wl+s- 1 \\X\\ L ~ {N2Rc/a) < c 

Following the analysis already performed in the previous section, we have the : 

Proposition 9.2. Given S € (0,1), there exist c > (independent of n) and e K — e(n) > 
such that, for all e € (0, e K ) there exists a function 4> e . a .v,x,h.k £ C 4:Q (-/V.R e / a ) such that the scalar 
curvature of the Kahler form 

Ve,a,iy,XJi,k ■= a 2 r\ + idd(W £ , a ,h,k + 4>e,a,v,X,h,k), 

defined on Nn e / a , is given by 

-ds(n^ a ^ X ,h,k) = E 2 r]e,aM,X,h,k{X, -) 

with 

mm 1 1 / s(Vs,a,u,x,h,k) = e 2 v 

R - /al JdB RE/a 

Moreover 

\\(f>e,a,u,X,h,k( R s ■ / a )\\c 1 ^{B 1 -B 1/2 ) < C R^ 2m , 

for some constant c > independent of n. In addition, we have 
(46) 

\\4>e,a,v,X,h,k(Re ' /«) - (f> e , a y,X> ,h',k' (Re 1 I a ')\\c i - a (B 1 -B l/2 ) 

< c K (R 5 - 1 \\{h -h',k- k')\\ c ^ xC 2, a + Rl~ 2m [\v -v'\ + \\X- X'\\ LaB + \a- a'\)). 

Again the rest of the section is devoted to the proof of this result. 
Proof. Using the fact that 

s{a 2 n + iddf) = s{a 2 (rj + i a- 2 3d /)) = a~ 2 s(r) + i a- 2 dd f) 
We see that the scalar curvature of fj can be expanded as 
(47) s(a 2 r) + iddf) = -\ aT 2 P; P n f + a~ 2 Q v (a~ 2 V 2 /), 

since the scalar curvature of r\ is identically equal to 0. Again, the structure of the nonlinear 
operator Q n is quite complicated but away from the exceptional divisor, it enjoys a decomposition 
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similar to the one described in the previous section. Indeed, we know from [2] that we can 
decompose 

Q„(v 2 /) = E 9 ^ A2 (v 4 /,v 2 /)^4, 2 (v 2 /) 
+ E 9 5 9 , 3 , 3 (v 3 /,v 3 /)c 9 ,3, 3 (v 2 /) 

+ E q H'- 2m s g ,3, 2 (v 3 /, v 2 /) c g , 3 , 2 (v 2 /) 
+ E q M" 2m 5 9 , 2 , 2 (v 2 /, v 2 /) c 9 , 2 , 2 (v 2 /) 

where the sum over q is finite, the operators (U, V) — > B q jj/(U,V) are bilinear in the entries 
and have coefficients which are bounded functions in C°' a (Ci). The nonlinear operators W — ► 
Cq,a,b(W) have Taylor expansion (with respect to W) whose coefficients are bounded functions 
onC°' a (Ci). 
We set 

T ■— —I P* P 
u n .— 2 r v jt v 

Replacing in l|47p the function 

f = W + <f>, 

where W = W e ^h,k has been defined in (|4"5]l. we see that l|4"2|l can be written as 
(48) L v cj) + Q v (a- 2 \7 2 {W + (j))) = e 2 a 2 (, 

which we would like to solve in Nu c / a - Remember that the function £ solves 

-dC = {a 2 r] + idd{W + (/>))(X,-) 

with 

We will need the : 

Definition 9.4. Given R > 1, I £ N, a £ (0, 1) and <5 e M, the weighted space Cf ,Q (iV^) is 
defined to be the space of functions / £ C e ' a (N R ) endowed with the norm 

1<R<R 



/llc*' a (7V & 1 := ll/llc^.°(JVi) + SU P R 5 \\f( R -)\\c^"(B 1 -B 1 

5 V til i d^- r> 



For each R>l i will be convenient to define an "extension" (linear) operator 

as follows : 

(i) In N R , £ R (f) = /, 



(ii) in C 2R - C R 

(iii) inC 2R J R (f) = Q. 
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It is easy to check that there exists a constant c = c(5') > 0, independent of R > 2, such that 

(49) Il4(/)llc;;«(fr») < c||/|| c o. w , 

and furthermore, one can arrange easily for to depend smoothly on _R. 
The equation we will solve can be rewritten as 

(50) L n ct> = £ Re/a ((e 2 a 2 ( - Q^ 2 W 2 (W + <j>)) - L„W)) . 

We fix S £ (0, 1) and use the result of Proposition 18.21 This provides a right inverse Gs for the 
operator L v . 

We can now rephrase the solvability of (|50p as a fixed point problem. 

(51) <f> = Af(e,a,v,X,h,k;<f>) 
where the nonlinear operator Af is defined by 

Af(e, a, u, X, h, k; 0) := G s o S Re/a ((Q^(a" 2 V 2 {W + 0))) - h gi H h . k - e 2 a 2 (v + C)) 

To keep notations short, it will be convenient to define 

f := Cf a {C m ) 

The existence of a fixed point for Af will follow from the : 

Lemma 9.3. There exists c > (independent of k), c k > and there exists e K — e(n) > such 
that, for all e £ (0, e K ) 

(52) \\Af(e, a, u, X, h, k; 0)\y < ci^" 2 " 1 " 5 , 
Moreover, we have 

(53) \\Af(e, a, u, X, h, k; 0) - Af(e, a, v, X, h, k; cf,')y < c K R 3 ~ 2m ~ s ||0 - 0'||^ 
and 

\\Af(e, a, v, X, h, k; 4>) - Af(e, a', i/, X', ft', fc'; < c K (i?" 1 — h',k — V)\\ c *,~ xC ».<> 



+R 3-2m-5 ^ - V \ + \\X-X\\ L ~ + \a> - a\)) 

provided 4>, 4>' £ T , satisfy 

uy+wy <±cRi- 2m - s , 

and h, h! and k, k' satisfy fr44V - 

The proof of these estimates being identical to the one in [2J, we omit it. 
Reducing e K > if necessary, we can assume that, 



(55) c K R 3 - 2m - s < § 

for all e £ (0, e K ). Then, the estimates (|52p and ([53]) in the above Lemma are enough to show 
that 

4> 1 — * Af(e, a, v, X, h, k; 0) 

is a contraction from 

{<j>£T : Uy<2cRl~ 2m - s }, 
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into itself and hence has a unique fixed point 4> e ,a,v,x,h,k m this set. This fixed point is a solution 
of (|48|) in Nr e and hence provides a constant scalar curvature Kahler form on Nr e . The estimates 
in Proposition 19 . 21 follow at once from the estimates in Lemma [9731 increasing the value of c K and 
reducing e K if this is necessary. □ 

10. Gluing the pieces together 

Building on the analysis of the previous sections we complete the proof of Theorem 12.21 As 
far as technicalities are concerned the proof is identical to the one in [2] therefore, we shall only 
emphasize the differences in the present framework. 

Before we proceed, a word about notations. In this section Oci, a (A) will refer to a function 
whose C e,a -norm is bounded by A times a constant independent of e and also independent of 
k provided e is chosen small enough (but which might depend on m, u>, the points pj and the 
coefficients Oj). In general this function will be a nonlinear operator of the data. 

We first exploit the result of Proposition 19.11 Given boundary data 

h:= (hi,...,h n ), k := (fci, . . . ,fc„) 

so that 




we can apply the result o Proposition 19.11 to define on M Tc a Kahler form w Ei h,k which can be 
written as 

w e ,h,k = idd(\ \z\ 2 + tj{z) + e 2m ~ 2 r £ , h , k + W £)h , k + e , h , k ) 

in Bj 2r e — Bj^r e where the function <pi (z) = 0(\z\ 4 ) is the one which appears in Proposition 17.21 
so that 

ui = idd{\\z\ 2 + ^{z)) 

near pj . We define the function 

:= + e 2m - 2 r £ , h , k + W £MM + ^,h,k) (r £ •) 
in B2 — B\. Collecting the result of Proposition 19.11 the definition of W° hk given in (lUT]) and 
the expansion of T given in Lemma |9. II we find that the function tp ^ can be expanded as 

=-^aj e 2m - 2 rt 2m \ • | 4 ~ 2m + W° hj>kj + O c ,„ (rf) 

in dimension m > 3 while, in dimension m = 2, in view of the expansion of T Lemma 19.11 we 
have 

- e 2 (a, \ogr £ + e 2 bj) = a, e 2 log | • | + Wg., k . + O c ,, a (r £ 4 ). 

We will replace ip° J by ip j — e 2 (dj log r £ + bj) and there is no loss of generality in doing so since 
changing the potential by some constant function does not alter the corresponding Kahler forms. 
According to Proposition 19. 11 the scalar curvature of the Kahler form w Ei h,k is given by 

s(w £ ,h,k) = s(w) + <^ e , h , k , A £jh . k ) + fis + e 2 " 1 - 2 A + A £ ,h !k 
where we have defined 

(56) X eMM := X s + e 2m - 2 Y 1 + Y^ hM e f,' 
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We now exploit the result of Proposition 19.21 We choose boundary data 

h:= (hi,...,h n ), k := (fci, . . . , fc n ) 

whose components satisfy 

(57) / (Amhj - kj) = 

JdB x 

as well as real positive parameters a := (ai, . . . , a n ). For each j — 1, . . . ,n, we apply the result 
of Proposition 19.21 and define on N^/a, the Kahler form 

£ ^€,a,j ,Xj ,hj ,kj 

where 



- 2(m-l) 

aj := o/ 

and 



/ s(w e ,h !k )(r ; 
Moreover the scalar curvature of e 2 7L - ,, y r r satisfies 



with 



(58) / C(^ • /Sj) = ^ 

and Xj is the lift to N Rc / & . of the holomorphic vector field A £ h,k defined in B^ Te . As explained 
at the end of section 7, this lifting can be performed in normal fC-linear coordinates so that the 
vector field Xj is a if-invariant Killing vector field for the metric a 2 rj. 

According to the analysis of section 6 and the result of Proposition ^. 21 the Kahler form rj can 
be written as 

£2 lefiwXjfofa = i 9 ® (f &2 j E M + ^ W e:a 3 ,h ] ,k ] + ^e.a, -M 3 ,Xj ,hj .k 3 ) 

in Bn e /&. — Bji s ^2a,j- We define the function 

:= (e 2 a 2 (E m - 1 1 ■ | 2 ) + e 2 W eAM + e 2 <f> et&jtVj ^ jM ) (Re ■ f&j), 

defined in B\ — i?i/2- Using the analysis of section 6 as well as the result of Proposition 19. 2i we 
have the expansion 

tfj = - aj e 2m ~ 2 r 4 ~ 2m | • \ 4 ~ 2m + e 2 W~! E + O c ^ (r 4 £ ) 

tlj , Kj 

in B\ — ^i/2, when m > 3 while we have 

^ - ~ aj e 2 loge = ~a 3 e 2 log | • | + e 2 + O c ^ (r e 4 ) 

when m = 2. Again, in dimension m = 2 we will replace by tp 1 ^ — 5j e 2 loge since this does 
not affect the definition of the corresponding Kahler metric. 
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The proof now follows verbatim the proof in [2] . We first describe the connected sum construc- 
tion. By construction, 

M e := M U pue JVi U P2 . e ■ ■ • U Pn)E N n , 

is obtained by connecting M r - s with the truncated spaces Nj^/^, . . . , Nn e /^ n . The identification 
of the boundary dBj jT - e in M re with the boundary dNj^/a of iV^/g. is performed using the 
change of variables 

{z\...,z m ) = sa j {u\...,u m ), 

where (z 1 , . . . , z m ) are the coordinates in B^ ra and (u 1 , . . . , u m ) are the coordinates in C\. 

The problem is now to determine these boundary data and parameters in such a way that, 
for each j = 1, . . . , n the functions if) 0,3 and ip 1 ' 3 have have their partial derivatives up to order 3 
which coincide on dB\. 

In fact, we shall solve the following system of equations 

(59) ip° ,j = , d r ip° > j = d r tJS' j , A ip°' j = A ip^ , d r A = d r A V> 1 J , 

on where r = \v\ and « = (w 1 , . . . , v m ) are coordinates in C m . 

Let us assume that we have already solved this problem. The first identity in (|59[) implies 
that ip° ,: > and ^ J as well as all their fc-th order partial derivatives with respect any vector field 
tangent to dBi, with k < 4, agree on dB\. The second identity in (f59"|) then shows that d r ^°^ 
and d r ip l,J as well as all their fc-th order partial derivatives with respect any vector field tangent 
to dB\ 1 with k < 3, agree on <9i?i. Using the decomposition of the Laplacian in polar coordinates, 
it is easy to check that the third identity implies that d^ip ^ and d^ip 1 ^ as well as all their fc-th 
order partial derivatives with respect any vector field tangent to dBi, with fc < 2, agree on dB\. 
And finally, the last identity in ([59")) implies that d^tp '^ and d^ip 1 ^ as well as all their first order 
partial derivative with respect any vector field tangent to dB\, agree on dBi. 

Moreover, the scalar curvature of the Kahler form 

uj°' 3 :=idd{\ \v\ 2 + ^ OJ ), 

defined in Bi — B\ and the scalar curvature of the Kahler form 

^ :=idd{\ \v\ 2 + V> iJ ), 

defined in B\ — i?i/2, match on dB\ to produce a C 2 function on B^ — To see this observe 

that both scalar curvature functions have the same mean value on dB\ (this was precisely the 
purpose of iJSS}) and they satisfy 

-ds = u>(X, -) 

for the same vector field X. Since the Kahler form is already C 1 , we find that the right hand side 
is C 1 and hence the scalar curvature function is C 2 . 

This then implies that any fc-th order partial derivatives of the functions V' OJ and V' 1 '"': with 
fc < 4, coincide on dB\, 

Therefore, we conclude that the function tp defined by ip := ip°' J in Bi — B\ and ip :— ip l ' J in 
B\ — i?i/2 is C in B2 — B 1 / 2 and is a solution of the nonlinear elliptic partial differential equation 

s (idd{\\v\ 2 + 4,)) =/. 
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where / is defined by 

-df = idd{\\v\ 2 +i>)(X,-) 

and hence is a nonlocal first order differential operator in ip. It then follows from elliptic regularity 
theory together with a bootstrap argument that the function ip is in fact smooth. 

Hence, by gluing the Kahler metrics w £ ,h,k defined on M Te with the metrics e 2 i] £ v . x . ^ . 
defined on N^/^. , we will produced a Kahler metric on M e which has constant scalar curvature. 
This will end the proof of Theorem 12.21 

It remains to explain how to find the boundary data 

h= (hi,...,h n ), k = (ki,...,k n ), h= (hi,...,h n ) and k = (ki, . . . , k n ) 

as well as the parameters a = (5i, . . . , a n ). 

We change the boundary data functions hj and kj into hj and kj defined by 

Kj := (a,- - dj) r A ~ 2m e 2 ™" 2 + hj 

k'j := 4 (m - 2) {a j - aj ) e 2 " 1 " 2 r^ 2 " 1 + kj 

when m > 3 and 

h'j := hj 

k' } := 4,{ aj -~a 3 )e 2 +kj 

when to = 2. Recall that the functions kj are assumed to have mean while the functions kj are 
not assumed to satisfy such a constraint anymore. The role of the scalar dbj — aj is precisely to 
recover this lost degree of freedom in the assignment of the boundary data. 
If fc is a constant function of dB\ , we extend the definition of k by setting 

w °, k ■= 3(^2y (M 2 ~ 2m - M 4 ~ 2m ) 

when to > 3 and by 

W^ = |log|z| 2 

when to = 2. 

We also do not assume anymore that hj and kj satisfy ([57)1 anymore. If h is a constant function 
of dBi , we extend the definition of W l h k by setting 

Ko ■■= h 

Finally, we set 

hj . — s h j k j . ~ — s kj 

With these new variables, the expansions for both ■0 OJ and ip^ can now be written as 

V>° > j = -aj r\~ 2m e 2m ~ 2 | • | 4 " 2m + W°, k , + C 4, Q (r A £ ) 

3 ' 3 

= -aj r\- 2m e 2rn ~ 2 \ ■ \ 4 - 2m + Wi, y + C C 4, Q (r A £ ). 
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J ' J 


= n.M 


f C 4,c 




8 W° 


= ^ - 


f C *,C 








f O&.c 


■(rf) 


J ' J 


= d r AWl r, - 


f C l,c 





when m > 3 and 

r' j = ~ aj e 2 \og\ -\ +W°, k , +O c ^(r 4 s ) 

3 ' J 

^ = ~a,e 2 log | -|+ W{, - +O c ^(rt). 

when to = 2. Observe that, since /ij and kj a re not assumed to satisfy (|57p anymore, this has 
changed the value of ip l,J by some constant which will not be relevant for the computation of the 
corresponding Kahler form. 

The system ([5^| we have to solve can now be written as : For all j = 1, . . . , n 



(60) 



on dBi . 

By definition of W% k and W£ fc , the first equations and third equations reduce to 

h' = fy + c «.«(r*) 

(61) 

kr = k' 3 + O c ^{rt) 

Inserting these into the second and third sets of equations and using the linearity of the mapping 
(h, k) i — ► W£ k and (h, k) i — > Wfc k , the second and third equations become 

9r W^ k , = d r Wl M + O c ,, a {ri) 

(62) 

d r AW^ k , = drAW*, x + O^t) 

3 ' 3 3 3 

for all j = 1, . . . , n. We now make use of the following result whose proof can be found in [TJ : 
Lemma 10.1. The mapping 

V : C A > a {dB-i) x C^idBi) — ► C 3 - a (dB 1 ) x C^BBi) 

(h, k) (ft. - W^ k ),d r A (W^ - Wfa)), 

is an isomorphism. 

Using Lemma TlO-H (|62|) reduces to 

h) = O c ^(r 4 e ) 

(63) 

for all j — 1, . . . ,n. This, together with (16ip . yields a fixed point problem which can be written 
as 

(h',h / ,k / ,k')=S e (h',h / ,k',k), 
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and we know from (|6ip and (|63|) that the nonlinear operator S e satishes 

||5 e (h / ,h , ,k , ,k , )|| (c4 ,- )a . x(ca . a)te <cort, 
for some constant cq > which does not depend on k, provided e G (0, e K ). We finally choose 

K — 2 Co, 

and e G (0, e K ). We have therefore proved that S £ is a map from 

A e := {(h',h',k',k') e (C 4 '") 2 " x (C 2 n 2n ■■ ||(h',h',k',k')|| (c ^)-x(c^=)- < *ri), 

into itself. It follows from (|32|) and (|46|) that, reducing e K if this is necessary, S e is a contraction 
mapping from A e into itself for all e G (0,e K ). Therefore, 5 e has a fixed point in this set. This 
completes the proof of the existence of a solution of {59]). 

The proof of the existence on M Te of a Kahler form u> e which has constant scalar curvature is 
therefore complete. Observe that the scalar curvature of u> and uj £ are close since the estimate 

|s(u; e )-s(w)| <ce 2m - 2 

follows directly from the construction. We also have the estimates 

\aj -aj\< cr 2m s 2m - 2 = ce^f+T 

which is the last estimate which appears in the statement of Theorem 12.21 

Since the construction of the Kahler form uj e is performed using fixed point theorems for 
contraction mappings, it should be clear that u e depends continuously on the parameters of the 
construction (such as the Kahler form uj, the points pj and the coefficients aj. In particular, when 
fj" = {0}, conditions (i), (ii) and (iii) in the statement of Theorem l2.2l is void and in constructing 
u) E one is free to prescribe the parameters aj. A simple degree argument then shows that given 
A C the image of mapping 

{a\, ■ ■ ■ ,a n ) i — ► (oi, ...,o„) 

contains A provided e is chosen small enough. This completes the proof of the last remark at the 
end of the statement of Theorem 12. 21 In the case where t)" ^ {0}, one needs to apply a modified 
version of the analysis of [2] which guaranties that the set of weights is open (keeping the required 
symmetries) provided no nontrivial element of t)" vanishes at all points we blow up. 

The proof of Proposition 12.11 also follows from the construction itself. Indeed, when uj is a 
constant scalar curvature Kahler form, then X s = 0. However, in the expansion of Proposition l9.il 
one directly sees that the scalar curvature of ui E will not be constant if the vector field Y' is not 
zero. Now Y' = if and only if ^ . aj £,u>{Pj) = 0. This completes the proof of Proposition ^. II 

11. Examples and Comments 

11.1. Toric varieties. If M m is a toric variety, then we can take K — T m and f) = ? in virtue 
of Proposition 17.41 Theorem 12.11 asserts that one can blow up any set of points contained in 
the fixed-point set of the torus-action and the weights aj > can be chosen arbitrarily. This is 
because the algebra of good vector fields that extends to the blown up manifold is precisely the 
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Lie algebra of the torus in this case, so f)" = {0} and conditions (i) and (ii) become vacuous in 
this case. 

This type of examples leads naturally to some observations : 

(i) As mentioned in the introduction, our procedure can be iterated since blowing up a toric 
variety at such points preserves the toric structure. Therefore, we obtain extremal metrics 
on any such iterated blow up. Among this type of manifolds Donaldson [11] has studied 
one particular iterated blow up of P 2 , where all successive blow ups take place at fixed 
points of the torus action at the previous step. The number of iteration cannot be ex- 
plicitly determined, yet these manifolds fall into the category to which our result applies. 
Nonetheless Donaldson analysis shows if on these manifolds we take Kahler classes suffi- 
ciently far from the boundary of the Kahler cone no extremal representative exist. This 
shows that even for these deceptively simple examples the understanding of the maximal 
range of application of our result (namely the determination of the optimal value of Eq) 
is far from been trivial. 

(ii) It is known that not every manifold admits an extremal metric but Tian [31j has conjec- 
tured that every Kahler manifold degenerates in a suitable sense to a manifold with an 
extremal metric. 

We know two types of manifolds which do not carry any extremal metric : The projec- 
tivization of unstable rank two vector bundles over compact Riemann surfaces [7] (which 
verify Tian's conjecture by their very construction) and some special iterated blow up of 
P 2 constructed by Levine [19]. 

Our result can be used to shows how to fit these examples in Tian's conjecture. For 
example, one observes that in Levine's examples all the blow ups are of the type allowed 
by our construction except the last one where two points which do not correspond to 
vertices of the polytope are blown up. Nevertheless, this last manifold degenerates on 
the manifold obtained by blowing up one further vertex and then another point on the 
last exceptional divisor and, by our main theorem extremal metrics do exist on this limit 
manifold. 

Besides these general results, we now look at the effect of our construction in specific cases. 

Firstly, since P™ is a toric manifold the construction of the new extremal metrics on its blow 
ups at n < m + 1 linearly independent points follows. The fact that the resulting extremal 
metrics have constant scalar curvature iff we blow up m + 1 points with equal weights follows 
from Proposition 12.11 and from our preceding work [5] . Nonetheless this last result can be easily 
obtained directly. Let us in fact look at the Futaki invariants of the resulting manifolds. Let 
us recall Mabuchi's result [20] stating that the Futaki invariant of a Kahler manifold vanishes if 
and only if the barycenter of the associated polytope lies in the origin. It is in general a hard 
combinatorial task, knowing the polytope, to determine its barycenter (as the reader of [25j can 
easily glance) and this prevents us to state general results, yet restricting ourselves to projective 
spaces we can get a clear picture. 
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The polytope associated to P m with its Kahler-Einstein metric is well known to be the simplex 
in R m with vertices 



and the vertices are exactly the images of the fixed points of the torus action. Let us recall 
also the effect of blowing up one of these points. For all the toric geometry we will use we refer 
to [15]. Given a vertex pj, the polytope associated to the manifold (Bl Pj M,n*[ui] — aPD[E\) is 



starting polytope removing a simplex of "size" a. 

In general it is possible to get that the barycenter stays in the origin even blowing up fewer 
points than the whole set of vertices and with uncontrollable weights. For example, let us take 
as the base manifold the blow up of P 2 at three points which are not aligned. The polytope 
associated to the canonical class 37r*[wps] — [PD\E\] + PD\E-2\ + PD[Es]) is the hexagon with 
vertices (1, 0), (0, 1), (1, 1), (—1, 0), (0, —1), and (—1, —1). The existence of an Einstein (constant 
scalar curvature) metric in this class is a result of Siu [28] and Tian-Yau [32j . Blowing up two 
pairs of vertices symmetric with respect to the origin (hence 4 points) with equal pairwise weights, 
we get new constant scalar curvature metrics on the blow up. 

On the other hand, in the case of P m , plugging in the above numbers, it is an elementary 
calculation to get that the barycenter of the blow up is still in the origin iff n = m + 1 and a\ = 
■ ■ ■ = a m+ i. Calabi's result [9j, stating that an extremal metric in a Kahler class whose Futaki 
invariant vanishes is of constant scalar curvature, gives a different proof of our characterization 
of Kahler constant scalar curvature metrics among our new extremal ones. 

Once we know that all manifolds obtained by blowing up any number n of points in general 
position in P m admit an extremal metric (for n > m + 2 these are in fact constant scalar curvature 
metrics [2]), let us focus on the Kahler classes we can reach for m = 2. 

Recall that P 1 x P 1 is itself a toric variety whose polytope corresponding to the Kahler class 
a[wi?s] + ,8[wi?s] , a, j3 > 0, where [oj fs is half the Kahler-Einstein metric on the j-th factor, is the 
rectangle with vertices (a, f3), {—a, /3), (a, —f3), {—a 1 — j3i). Let us also briefly recall the following 
classical construction : take pi,P2 € P 2 and consider M — Bl pltP2 V 2 . M contains three (—In- 
curves, the two exceptional divisors E\,Ei and the proper transform L of the line in P 2 passing 
though pi and p 2 - M is in fact biholomorphic to Bl q (¥ 1 x P 1 ) for some (hence any) choice of 
q £ P 1 x P 1 . In fact, contracting ("blowing down") L we get a manifold biholomorphic to P 1 x P 1 
where the rulings correspond to the pencils of lines through p\ and p 2 - 

Now, having called Ai = [P 1 x {pi}], A2 — [{pi} x P 1 ], and E the exceptional divisor in 
Bl q (P 1 x P 1 ), it is easy to check the correspondence of classes 

aPD[At\ + PPD[A 2 ] - \PD[E] + X)n*[Lu FS } -{a- X)PD[E 1 ] - (0 - X)PD[E 2 ] . 

Hence our new extremal metrics on ^^(P 1 xP 1 ), which lie in the classes aPD[Ai]+(3PD[E2\ — 
e 2 XPD[E], give extremal metrics in the classes of Bl pltP2 P 2 



Pl = (1,0,.. .,0)... p., 



(o,...,o,i) 



Pm+i = (-1, •■-,-!) 




TT*[U} FS ] ~ 



a—e' 



P-s 2 \ 



PD[E 2 ], 



:!<i 
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Hence we have a whole neighborhood of the boundary line a + b = 1 in the Kahler cone of 
Bl pi P2 P 2 , where ir* [uj fs ] - aPD{E{\ - b PD[E 2 ], a + b<l,a,b>0. This proves CorollaryES 
(I)- ' 

Another similar construction, known as Cremona transformation (see e.g. [T5] pages 397-399), 
allows us to prove Corollarv l2.3| (2). We wish to thank M.Abreu for bringing it to our attention. 

This time we construct an automorphism of BI P1 ^ P2 _ P J? 2 , when the points do not lie on a 
complex line, in the following way : call Ijk the lines in P 2 through pj and pk and Ljk their 
proper transforms. The key observation this time is that blowing down Ljk we are left with a 
new copy of P 2 , where the new coordinate lines are the exceptional divisors of the original blow 
up. The resulting automorphism of BI P1 ^ P2>P3 W 2 has the following action in cohomology, where 
we indicate by Fj the exceptional divisors in the new copy of Bl pl . P2tP3 F 2 : 

n*[u FS ] - PD[E!] - PD[E 2 ] «-> PD[fi], 

tt*[lu fs } - PD[Ei] - PD[E 3 ] «-> PD[F 2 ], 

tt*[lu fs } - PD[E 2 ] - PD[E 3 ] «-» PD[F 3 ], 

n*[LO FS } <-> 2tt*[u fs } - PD[F X ] - PD[F 2 ] - PD[F 3 }. 

Hence 

tt*[lu fs } - aPDlEi] - bPD[E 2 ] - cPD[E 3 ] 

corresponds to 

(2-a-b-c)Tr*[Lu FS ] - {1- a-b)PD[Fi] - (1 - a - c)PD[F 2 ] - (1 - b - c)PD[F 3 ] 
This gives the seeked Kahler classes as claimed. 

11.2. Sporadic examples. In the case where the manifold we study is the projective space, we 
can also study the existence existence of extremal metrics on the blown up manifold when the 
position of the blown up points is not generic, hence leaving the toric world. For example in [2] 
it was shown how to construct Kahler constant scalar curvature metrics on P blown up at 4 
points, 3 of which were lying on a line. Considering extremal metrics instead on constant scalar 
curvature metrics, one can do more : for example, consider the points 

Pl - t° ' 72 • 7^' P2 ~ t°' Vm"+I/3| 2 ' \/M 2 +l/3|^ P3 ~ ^° ' ~7W+\W ' V\ a \*+W^ 
and the group K = S 1 whose action on P 2 is given by 

S 1 x P 2 — > P 2 

(9, [z 1 : z 2 : z 3 }) .— ► [Q- 2 z 1 : 9 z 2 : 9 z 3 ] 

Of course p\,p 2 and p 3 are fixed under the action of K, but we want to impose more sym- 
metries working equivariantly with respect to a discrete group A of permutations of the last two 
coordinates. It is easy to check that the space of vector fields of f) which are invariant under the 
action of A is given by 

if A = Span{3?(z 2 <9 Z 3 + z 3 d z 2),Vi(2 z 1 d z i - z 2 d z 2 - z 3 d z s)} 
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It is immediate to see that 

t)' A = Span{3?(2 z 1 d z i - z 2 d z 2 - z 3 d z s)} 

Observe that all points belong to the zero set of the vector fields in fj'. Condition (ii) in Theo- 
rem [221 is fulfilled provided 

3? (a (3) < 

with ai = — |^J 2 ^^|2 and 0,2 = 0.3 = 1, while condition (iii) holds since 9?(z 2 d z 3 + z 3 d z 2) does not 
vanish at P2 and at p 3 . It is important to observe that a\ automatically satisfies the upper bound 
o\ < 1. In fact, it has been shown by A. Delia Vedova [T^j that for a\ > 2 the corresponding 
polarized manifold is not relative K-stable, hence forbidding the existence of an extremal metric 
in the corresponding Kahler class thanks to Szekelehidi's result 29J. 

This gives the construction of extremal Kahler metrics on the blow up P 2 at pi,P2 and P3. 
The fact that the corresponding metrics do not have constant scalar curvature follows directly 
from Proposition 12.11 or implicitely observing that the resulting manifold does not satisfy the 
Matsushima-Licherovitz obstruction so in fact it does not admit constant scalar curvature metrics 
in any Kahler class. 

The same remark we observed after Corollary 12.11 also holds for this example. Indeed, the 
position of three (even aligned) points in IP 2 can be a priori prescribed (just leaving them on 
some line) with the use of an appropriate automorphism. Therefore the above calculation implies 
that any set of three aligned points can be blow up and extremal metrics on the blown up 
manifold can be found even if in the initial coordinates the symmetries of the above example are 
not present. Of course the change of coordinates required to put the initial set of points into the 
above one might change the base Fubini-Study metric we work with, but this does not change its 
Kahler class. This discussion can be summarized in the : 

Corollary 11.1. Given three aligned points P\,P2,P3 in¥ 2 and weights ax, 02, 03 satisfying a j = 
ak for some j, k and a\ < aj for all I, j , there exists ea > and for all e € (0, Eo) there exists an 
extremal Kahler form of non constant scalar curvature lu e on the blow up off 2 at pi,P2,P3 with 

oj e e n* [lu fs ] - e 2 (ai PD[E X ] + a 2 PD[E 2 ] + a 3 PD[E 3 ]) 



As expected, adding points to be blown up, also on the same line, makes things even simpler. For 
example let us work out the situation where 4 aligned points are to be blown up. In this case we 
can avoid using extra symmetries and we can work directly with a connected group of isometries. 
Therefore, we now consider the points 

* = [0:1:0], P2 = [0:^ 3 :^], p 3 = [0 : % : =ff], and p 4 = [0 : ^ : ^] 

and the group K = S , whose action on P 2 given by 

S 1 x P 2 — ► P 2 

(a, [z 1 , z 2 , z 3 ]) 1 — ► [az 1 , z 2 , z 3 ] 
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Of course p\, . -.,Pi are fixed by the action of K. It is easy to check that f) is now given by 
f) = Span{5R(z 2 a 2 3 + z 3 d z 2),ft(i (z 2 d z3 - z 3 d z 2)),n(2z 1 d z i - z 2 d z 2 - z 3 d z s), ft(z 2 d z 2 - z 3 d z z)} 
We choose 

f)' = Span{3fi(2z 1 a z i - z 2 d z 2 - z 3 d z s)} 

Observe that all points belong to the zero set of the vector fields in t)' and that none of the 
nontrivial elements of ()" vanish at all the pj. Our construction then gives extremal (non constant 
scalar curvature) Kahler metrics on the blow up of P 2 at pi, . . . ,p^ with weights a\ = 1, 02 = 3, 
03 = 5 and 04 = 2. 

These examples can be easily extended to projective spaces of any dimension. 
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